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Schwarzschild equation:

dLν
ds

= −kνρaLν + kνρaBν

Define optical path χν :

χν(s) =

s∫
s0

kν(s
′)ρa(s

′)ds′

or sometimes, in the case of constant kν :

χν(s) = kν

s∫
s0

ρa(s
′)ds′ ≡ kνu
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So
dLν
dχν

= −Lν +Bν
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The solution is:

Lν(χν) = Lν(0)e−χν +

χ′
ν=χν∫

χ′
ν=0

Bν(χ
′
ν)e
−(χν−χ′

ν)dχ′ν

Also applies to Fν with slight modifications:

Fν(χν) = Fν(0)e−χν +

χ′
ν=χν∫

χ′
ν=0

πBν(χ
′
ν)e
−(χν−χ′

ν)dχ′ν

and with the diffuse approximation:

u→ 5

3
u
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Let the transmittance be:

τν(χ
′
ν , χν) ≡ e−(χν−χ′

ν)

The solution can be written:

Fν(χν) = Fν(0)τν(0, χν) +

χ′
ν=χν∫

χ′
ν=0

πBν(χ
′
ν)τ(χ′ν , χν)dχ

′
ν

But note for monochromatic radiation:

dτν
dχ′ν

= τν(χ
′
ν , χν)
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The solution can be written:

Fν(χν) = Fν(0)τν(0, χν) +

τ ′
ν=1∫

τ ′
ν=τν(0,χν)

πBν(T )dτ ′ν

Check case of constant T :

Fν(χν) = Fν(0)τν(0, χν) + πBν(T )(1− τν(0, χν))

Contemplate numerical solution:

Fν(χν) = Fν(0)τν(0, χν) +
N∑
n=1

πBν(Tn) [τν(χν,n+, χν)− τν(χν,n−, χν)]
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Integration over frequency ν. Let

Fi =

ν=ν2i∫
ν=ν1i

Fνdν ≡
∫
i

Fνdν

Consider the downward flux at the surface, using

normalized pressure for the integral:

Fi =

∫
i

∫ p=1

p=0

πBν(T )
dτν
dp

dpdν

Fi =

∫ p=1

p=0

∫
i

πBν(T )
dτν
dp

dνdp
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Assume Bν(T ) = 1
∆νi

Bi(T ), because frequency interval is

narrow and Bν doesn’t vary much in it:

Fi =

∫ p=1

p=0

π
1

∆νi
Bi(T )

∫
i

dτν
dp

dνdp

Fi =

∫ p=1

p=0

π
1

∆νi
Bi(T )

d

dp

∫
i

τνdνdp

Fi =

∫ p=1

p=0

π
1

∆νi
Bi(T )

d

dp
(∆νiτ i)dp

Fi =

∫ p=1

p=0

πBi(T )
d

dp
τ idp
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Fi =

∫ p=1

p=0

πBi(T )
d

dp
τ idp

Contemplate numerical solution:

Fi =
N∑
n=1

πBi,n∆τ i,n

Except for idealized band models (for example, the

Lorentz profile), obtaining ∆τ i,n requires much numerical

computation with empirical data.
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εi,n = 1−∆τ i,n

Except for the sign change working with ∆εi,n is the

same as working with ∆τ i,n .

Employing the average emissivity εi across a portion of

the Planck spectrum is is traditionally called a broadband

emissivity model (or sometimes wide-band).

Warning: if a single layer has transmittance τ i, the

transmittance for two layers is NOT τ 2
i , as it was for

monochromatic radiation.
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Emittance example for Lorentz profile with S = 1.0 ×
1011 Hz m2 kg−1, ν0 = 2.0 × 1013 Hz, γ = .001 × 1013 Hz,

and total mass path U◦ = 10 kg m2.
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For this Lorentz profile, the optically thick limit applies,

with equivalent width W = 2
√
Suγ. The average emittance

values are easily calculated, or obtained from the graph.
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Zenith transmit-

tance of the at-

mosphere due to

CO2 in the vicin-

ity of 15 µm.
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High resolution depiction of

the transmission spectrum of

a one-meter path through air

with typical CO2 concentra-

tion.
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FYI:

Fi =

∫ p=1

p=0

πBi(T )
d

dp
τ idp

can be transformed using “integration by parts” to

Fi =

∫ p=1

p=0

d

dp
[πBi(T )τ i] dp−

∫ p=1

p=0

τ i
d

dp
[πBi(T )] dp

Fi = πBi(T )τ i|p=1
p=0 −

∫ p=1

p=0

τ i
d

dp
[πBi(T )] dp

Such forms are used in Roach and Slingo (1979).


