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Consider an atmosphere of constant temperature I, and a
black-body surface with temperature 7T. The solution for

the upward spectral radiance is:
L,(x,) = B,(T,) (1 - e_x”) + B, (Ts)e ™™

where the optical path x, is:

S

Xv(8) = //f,,(s')pa(s’)ds’

S0

Similarly,

vL,(x,) =vB,(T,) (1 _ e—xu) + UB,(T,)e X



In a laboratory, with constant pressure along a tube, k,

could be indepedent of position. We could write

w(s) =k, / pa(s)ds' = ko

where u is the mass path. A Lorentz profile for k,u could

be written as:




Example k, with
Emax = 30 m? kg™t v = 0.1 x10" Hz and vy = 2x 10*3 Hz.
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Continue the example, take © = 1.0 kg m™—2. With

X, = k,u, the maximum in Y, is 30. Here the

transmittance is e Xv = e~ kvt

1.[1}

e_XV UB'
0.6}
n.4}

0.2}

oy

0 2 x 10" 4.x10" 6.x10"% 8.x10" 1.x10"

v (Hz)




Continue the example with 7, = 300 K and T, = 255 K.

Red is spectral radiance down to the surface, or

(1 — e_X”) vB,(T,)
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Blue is spectral radiance out of the top of atmosphere,

(1—e™)vB,(T,) + e *vB,(Ts)
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Now consider the solution to the Schwarzschild equation

with non-constant 7" and B, :
XL =Xv
L) = L0+ [ Bl iy
X1, =0
Consider solution at x,.,, maximum Y, for traversal of

the whole atmosphere. Also seek solution “per Inv”

rather than “per v ”

X/V:XVm
vL,(Xym) = vL,(0)e™ X + / VB,/(X:/)G_(X”m_X,’/)dX/V

X, =0



Let p be normalized pressure, varying from 1 at the

surtace to 0 at the top of the atmosphere.

Assume T'(p) is known.
For upward travel: x/, = xum(1

For downward travel: x/, = x,m P

—p)



For upward travel:

X/u — Xl/m(l _p) dX,u = —Xuvm dp Xvm _X,y — Xvm P

X/y:va

vL,(Xym) = vL,(0)e™ X + / VBV(X:/)G_(X”m_X;/)dX/V



For downward travel:

X, = XomP  AX, =Xem AP Xom — X» = Xum(1 — D)

X;/ =Xvm

vL,(Xom) = / VBV(X;/)Q_(XVm_X/V)dX/V



Consider some simple profiles for T'(p):
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Solutions for L, (v):
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Measurements of L,(v) at an Af{M site. The cool
boundary layer reduces the spectral radiance in the
center of the optically thick part of the CO5 band.



Recap: the Schwarzschild equation is:

EZZZ =—L,+ DB,
The solution is:
Xy =Xv
L) = L0+ [ Bl iy
X, =0

with “optical path” defined:

S

X (s) = /ky(sl)pa(s’)ds’

S0



Using the transmittance in the solution

Let the transmittance be:
TV(X/V7 XV) — 6_(XV_X’//) — GX/V_XV

The solution can be written:
X1, =Xv

L(x,) = Ly(0)7, (0, x,) + / B, () (X, X)X,

/

X, =0



But note:

dTV d r_ I
dx, - dx’ XX = e = Tu(X;:XV)

The solution can be written:

’_
T, =1

L(x») = Ly(0)7,(0, x,) + / B,(T)dr!

! —

Ty=Tv (OaxV)

Check case of constant 7'

Ly,(xv) = L,(0)7,(0, x0) + B,(T)(1 — 7,(0, X))



Contemplate numerical solution:

LV(XV) — L (O)TI/(O XV)

Z B Ty XV n—+s XI/) (Xv,n—a XV)]

Where T, is the temperature of layer n, x, ., is the
optical path for the side of layer nearest the detector, and
Xv.n+ 1s the optical path for the side of layer farthest

from the detector.



With monchromatic transmittance defined as
TV(X/V7 XI/) — 6_(XV_X’//) — GX;/_XV

We demonstrate the important principle about the

product of transmittances:
7, (a,b) = " (b, c) = e’ ¢

7,(a,b)1, (b, c) = e beb—¢ — o7 — 7,(a, c)

Compare with mass path:

u(a,b) + u(b, c) = u(a,c)



Use the transmittance property:

TI/(XI/,?”L—j XI/) — TI/(XV,TL—7 XI/,?’L—I—)TI/(XI/,TL—I—y XI/)

L (XV) = L,(0)7,(0, x,,) +

Z B 7_1/ XV n—+» XI/) o TI/(XI/,n—7 XV,n-I-)TV(XV,n-i-? XV)]

L (Xu) = L,(0)7,(0, x,) +

ZB 1 o TV(XVTL—7XVTL-|—)] TV(XV,n—HXV)

The term in | | is the emittance of the n’th layer.



Consider a very simple profile for T'(p) with a nocturnal

boundary layer:
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We take v = 2 x 10! Hz solely for the purpose of
providing typical values for B,(T"). But otherwise v is

variable:

we allow v to vary so that we can study Y, large or small.
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The optical path through one of the N layers is:

Xl/m
Ay, =
Xv =N

The spectral radiance emerging from the n’th layer is:

vL, =vB,(T,)(1 —e ™) =vB,(T,)e

This spectral radiance will exponentially decay as it

travels toward the ground.



Black: vL, emerging from the isothermal layers
Blue: total vL,. Red: total vL, at ground.
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Black: vL, emerging from the isothermal layers
Blue: total vL,. Red: total vL, at ground.
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Black: vL, emerging from the isothermal layers
Blue: total vL,. Red: total vL, at ground.
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Black: vL, emerging from the isothermal layers
Blue: total vL,. Red: total vL, at ground.

0

" N\ Xvm = 100.0

— N\

— A € = .993

L \.\ '
0.330 —— N
p — B

—— \\
0.67—— ~\

67—

Paani \

o .

T 7

20 40 60 30 100



Black: vL, emerging from the isothermal layers
Blue: total vL,. Red: total vL, at ground.
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Black: vL, emerging from the isothermal layers
Blue: total vL,. Red: total vL, at ground.
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Black: vL, emerging from the isothermal layers
Blue: total vL,. Red: total vL, at ground.

U

vL, (Wm s )



vL,(Xum) into the ground from the discrete 20-layer model:
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This plot is nearly indistinguishable from that of the

complete model.
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Measurements of L,(v) at an Af{M site. The cool
boundary layer reduces the spectral radiance in the
center of the optically thick part of the CO5 band.



