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Consider an atmosphere of constant temperature T, and a
black-body surface with temperature T;. The solution for
the upward spectral radiance is:

LV(XI/) = BV(T(Z) (1 - e—X,,) + BV(TS)67X”

where the optical path x, is:
Xu(8) = /k,(s')pa(s')ds’
S0

Similarly,

VLV(XV) = VBI/(TQ) (1 — €_X”) + VB;/(TS)E_X”

(1112 kgfl) 150

In a laboratory, with constant pressure along a tube, k,
could be indepedent of position. We could write
o) =k [ puls)ds = b

s0

where u is the mass path. A Lorentz profile for k,u could
be written as:

,.YZ

kl/ = kmax 5 . /. \9
P (=P

Example k, with
Emax = 30 m2 kg™!, v = 0.1x10'3 Hz and vy = 2x 10" Hz.
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Continue the example, take u = 1.0 kg m~2. With Blue is spectral radiance out of the top of atmosphere,

X» = k,u, the maximum in y, is 30. Here the (1 _ e_x") VB,(T,) + ¢ v B,(T,)
transmittance is e X = e~ Fvt,
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Now consider the solution to the Schwarzschild equation .
For upward travel:

with non-constant 7" and B, :

Xo=x Xo=Xem(l=p)  dX,=—XemdP  Xom =X, = Xom D
L(x») = L (0)e™ + / B, (x;)e” ) dy,,
X, =0
Xy, =Xvm
Consider solution at y,,, maximum Y, for traversal of 11: Ly (xom) = vLy (0)e ™ + Z/Bu(x’u)e_(x”‘"_x’")dx;
the whole atmosphere. Also seek solution “per Inv” i
Xi=
rather than “per v ”
p=0
X, =Xvm
, vL,(xom) = vB,(T(1))e ™™ —x,m | vB,(T(p))e X Pdp
VL, (Xom) = vL,(0)e X + / VB, (x,)e Com=X) gy .
=
X, =0
For downward travel:
Xy =XemP  dX, = Xom AP Xom — Xy = Xem(1 = p)
e Let p be normalized pressure, varying from 1 at the
surface to 0 at the top of the atmosphere.
Xy =Xvm
e Assume T'(p) is known. 12: VL (Xom) = / VB, (., )e om0 gy
e For upward travel: X!, = xym(1 — p) X, =0
e For downward travel: X, = Xym P p=1

VL (Xom) = Xom / VB, (T(p))e Xm0 dp

p=0



Consider some simple profiles for T'(p):
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T(p) = 300—50(1—p)
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Solutions for L, (v):
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Measurements of L, (v) at an ARM site. The cool
boundary layer reduces the spectral radiance in the
center of the optically thick part of the COy band.

Recap: the Schwarzschild equation is:

dL,
dx.

=—-L,+B,

The solution is:
X, =Xv
L,(x,) = L,(0)e X + B,(x,)e~ 0 x gy
X1, =0
with “optical path” defined:

s

Xu(8) = /k,,(s’)pa(s’)ds’

S0



Using the transmittance in the solution

Let the transmittance be:
TV(X,ua Xl/) = €_(X”_X',/) = eX:/_Xu

17 The solution can be written:

Xy =Xv

L(x) = L(0),(0.x,) + / Bu(x,)T (X X0 )X,

X1, =0

But note:
d’T d ’ ’
Y —  eXo Xy — oXo Xy — -, / ”
dx!, dXi,P € T (XmX )
The solution can be written:
7,=1
18: ,
Lu(XV) = L,,(O)TV(O, Xu) + B,,(T)dTV
7,=7v(0,xv)

Check case of constant T

LV(XV) = LV(0>TV(O7 XV) + BV(T)<1 - Tu(07 XV))
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Contemplate numerical solution:

LV(XI/) = LV(O)TI/(07XI/> +

Z Bu(Tn) [Tu(Xu,n-H XV) - TV(XV,n—7 XV)]

n=1

Where T, is the temperature of layer n, X, is the
optical path for the side of layer nearest the detector, and
Xvn+ 18 the optical path for the side of layer farthest
from the detector.

With monchromatic transmittance defined as
TV(X;/? XV) = ei(X'jiX'//) = 6X127XV

We demonstrate the important principle about the
product of transmittances:

m(a,0) = e 7,(bc)=e""
7(a,0)7, (b, ¢) = """ = "¢ = 7, (a, )
Compare with mass path:

u(a, b) + u(b, c) = u(a,c)



Use the transmittance property:

TV(XIJ,n—7 XV) == Tu(XV,n—7 XV,n+)TV(XV,TL+7 XV)

LV(XV) = LV(O)TV(Ov XV) +

21:
L,(xv) = L, (0)7,(0, x») +
N
Z Bu(Tn) [1 - TV(XV,?L*? Xu,nJr)] TV(XV,n+7 Xz/)
n=1
The term in [ ] is the emittance of the n’th layer.
Consider a very simple profile for T'(p) with a nocturnal
boundary layer:
0
0.33
22: p | T(p) = 300—50(1—p)—

0.671 20e—5001-p)?
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Will model with N=20 discrete isothermal layers.

N
Z Bu(Tn) [TV(XVJH—a Xu) - Tu(XV,n—a XI/,TL+)TV(XV-,TL+7 XV)]
n=1
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We take v = 2 x 10'3 Hz solely for the purpose of
providing typical values for B, (T'). But otherwise v is
variable:

we allow v to vary so that we can study x,., large or small.
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The optical path through one of the IV layers is:

Xvm
Ay, =
Xv="N

The spectral radiance emerging from the n’th layer is:
vL, =vB,(T,)(1 — e ) = vB,(T,)e

This spectral radiance will exponentially decay as it
travels toward the ground.



Black: vL, emerging from the isothermal layers
Blue: total vL,. Red: total vL, at ground.
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Black: vL, emerging from the isothermal layers
Blue: total vL,. Red: total vL, at ground.
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Black: vL, emerging from the isothermal layers
Blue: total vL,. Red: total vL, at ground.
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Black: vL, emerging from the isothermal layers
Blue: total vL,. Red: total vL, at ground.
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vL,(Xum) into the ground from the discrete 20-layer model:
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This plot is nearly indistinguishable from that of the
complete model.
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Measurements of L, (v) at an RM site. The cool
boundary layer reduces the spectral radiance in the
center of the optically thick part of the COy band.



